In this article, we examine the dynamics of a multi-fluid system in which (i) different fluids interact, and (ii) there exists a limit in which the multiple fluids evolve into a mixture that satisfies single-fluid approximation. We consider the potential application of this modelling to studies of a cosmological transition which is marked by one material domination replaced by another. The thermodynamical implications of such fluid dynamics are explored where we find that the second law of thermodynamics holds given an emergent Rindler horizon. We argue that such transient periods exist in cosmological evolutions and are best modelled using multi-fluid approximation. Our application of the modelling to an interacting dark-sector leads to the modification of the equation of state of a third non-interacting constituent in a 3-species multi-fluid system.
I. INTRODUCTION
Cosmology is dominated by studies of segmented or discretized history of the universe, eras, whose dynamics are characterized by a single dominant material. Examples of these include inflaton [1, 2] , radiation [3] , matter [4] and dark energy [5] . Such studies are generally carried out using single-fluid approximation in the sense that the modelling is based on a single observer world-line. To a large extent, cosmological observations have yielded results that agree with the predictions from the building blocks of the standard Model as seen, for example, in the analyses of the cosmic microwave background (CMB) radiation and the anisotropy thereof [6] . Although not all predictions are confirmed, what has been achieved has enabled us to build a probable-model of the evolving universe based on the scaffolding of the knowledge of the different eras. Nevertheless, the interplay between cosmological theory (theories) and observations have not always been smooth, resulting in a number of unanswered questions, with some observations leading to questions that demand the re-examination of the underlying theory or theories. Examples of these are "axis of evil" in the CMB [7] and late time acceleration [8, 9] , just to mention two. The first line of attack has been to tweak the existing theory or improve technology with the hope that this could help explain the anomalous observation. These attempts have had limited success, forcing some to suggest a complete overhaul of the underlying theories whether they are of gravity or of the material content of the universe. But there remains a yet to be explored alternative * bob.osano@uct.ac.za; orttim001@myuct.ac.za approach that may ease some of the tensions between theory and observation. The modelling of transition between eras does not feature much in literature but has the potential to resolve some of these issues. Such modelling is applicable to epochal studies, where we think of a cosmological epoch as the event signifying when a change has taken place to an extent that it marks the beginning of a new era. As mentioned earlier, the analysis is often performed with the assumption that the dynamics of the universe is dominated by one type of material, but a transition is required from one domination to the next. This transition period is, predictably, complex and requires a completely different approach. Conceivably, the first line of attack is to assume that the transition is not instantaneous but occurs gradually allowing for a transient period that is not dominated by a single-fluid but momentarily by multiple fluids. The purpose of this paper is to model the transition period or epoch between dominant eras and to analyze the dynamics of such a phase.
A study of multiple fluids requires a way of approximating aggregated fluid properties, for example using the multi-fluid approximation on one hand and ways of dealing with how the different fluids interact in cases where they do, on the other hand. This indirectly demands knowledge or ways of handling thermodynamics. In order to carry out such a study, one needs to link theories for single fluid dynamics and thermodynamics [10] [11] [12] [13] to relativistic multi-fluid dynamics [14] [15] [16] and thermodynamics [17] [18] [19] . It also requires that one goes beyond perfect fluids to consider fluids that exhibit dissipation and fluids in which bulk viscosity plays a role [20] . This paper is arranged as follows, section (II) discusses the interaction between dark energy and dark matter in a multiple-fluid environment. Section (III) discusses two arXiv:1904.08670v3 [gr-qc] 18 Jun 2019 formalisms for multi-fluid thermodynamics. Section (IV) discusses generalized second law of thermodynamics for a multi-fluid system, and section (V) gives the general discussions and conclusions.
II. DARK ENERGY (DE) INTERACTING WITH MATTER (DM ) IN PRESENCE OF RADIATION(χ)
Although we have three particle species, we have a single observer world-line and hence t ≡ u a ∇ a where u a is the common 4-velocity. Let this 4-velocity be the determinant of a word-line of a fiducial frame of reference. This is single-fluid approximation. The metric is given by
where a(t) is the scale-factor such thatȧ(t)/a(t) = 3H. H is the Hubble parameter.
where ρ is the energy density while the subscripts DE, DM and χ represent dark energy, dark matter and radiation respectively. We have set 8πG = 1. It is easy to show that the corresponding Friedman equation is
This could be reformulated in terms of individual species world-lines but which are related to a single predominant world-line ( given here by t). Let τ, η and ζ be the respective time parameter along these world-lines. This means that
where
We will require that lim t→t equil (α, β, γ) → (1, 1, 1), where t equil represents the time when thermodynamics equilibrium is attained. We will return to this in the section of thermodynamics, but for now, this means that the parameters τ, γ, ζ are not constants but evolve towards a constant time parameter t. This has the implication that an observer in the rest-frame of one species will in the interim (i.e. t < t equil ) record measurements that differ from those measured by another observer sitting in a separate species rest-frame. It is only at t ≥ t equil that their recordings will be the same. The evolution of time parameters can be ascribed bulk viscosities and dissipative effects such as entrainment [19] , a subject that we will return to later in this article. In particular, it is known that Einstein's definition of global time is not applicable in curved spacetimes since inertial frames exist locally [21] . We note that any shared time one introduces to synchronize events are not coincident as neighbouring events can only make sense in limited regions. It is however possible to define an extended reference frame in the presence of gravity that extends over a congruence of time like curves [22] [23] [24] [25] and it is in this frame we will make our approximation a subject that will be addressed in [26] . It suffices to say that it is the interim period, leading up to equilibrium designating the extended reference frame, that we investigate using a relativistic multifluid approximation. The conservation equations for the The graph shows examples of phenomenological evolution of time parameters τ, η, ζ toward a time-scale t that we will refer to as the cosmic time. τ = η = ζ = t is attained at t equil . Intuitively, the time variation of a scalar quantity f will appear asḟ = u a ∇af from the rest frame of an observer moving at a velocity u a , and as f = v a ∇af in the rest frame of one moving with a velocity v a . Each of these velocities can be be projected either parallel or perpendicular to the individual wordlines (see section (III) for nuanced discussion). We remind the reader that the difference u a − v a should not be misconstrued as a velocity drift since the time parameters are not the same. In particular, to define a velocity drift we would have to transform from one observer rest frame to another and only then consider the difference.
species energy-densities are given by;
where Q and Q [27] are the interaction terms. The requirement that the sum of interaction terms on the righthand side vanish leads to α = β = γ = 0. Again this is the precise condition for interacting fluids in thermodynamic equilibrium. The implication of Q = Q may have a profound implication for the evolution of the interacting fluids, not least of which might include a possible change in the mass of standard particles as we understand them or even include a fifth force [38] . In general these may require the analysing of corresponding Boltzmann equations for the system and invoking of the screening mechanism respectively, however we will analysis the system when Q − Q ≈ 0. This means that the coupling will not induce changes in the baryonic fluid as might be feared. We will nevertheless keep the distinction Q and Q for the sake of developing a general formalism. Let's turn to relativistic thermodynamics in order to lay a proper ground for the physics of the transient period that we are interested in. The definition of energy to be introduced in the next section, as much as its subsequent thermodynamic treatment, rests on a foliation of space-time involving a time-like vector field u µ defined in [21, 28] . But the multi-fluid approximation where there is more than one such time-like vector requires more careful consideration as comparison of the rest frames of the multiple observers introduce ambiguity related to gauge transformations as will be discussed in [26] . In addition, the definition of properties such as heat and work are not straight forward. For example, if two systems I and II representing the rest frame of two observers which only interact with each other then Internal energy I + Internal energy II is constant and dW ork I + dW ork II = 0 which would imply that heat I + heat II = 0 where the systems have the same velocity otherwise dQ I + dQ II = 0. Where the velocities are different, the thermal energy and momentum transfers as the heat lost by one system is not necessarily equal to the heat gained by the other system. This is because the heat contents of the transmitting agency such as electromagnetic waves are not the same for all observers. At the heart of this is the way heat, work and volume are defined and handled in [29] . In particular, heat and work may be represented by two inertial frames; the frame in which the decomposition of heat and work is defined, and the frame in which three volume is defined could yield different results. This is the subject of discussion in the next section.
III. THERMODYNAMICS
Studies of single-fluid relativistic systems and thermodynamics systems have had separate historical development and efforts are being made to forge a merged development leading to a number of controversies ( see for example the account given in [29] ). Great advancement has been made though, for example, it was shown in [30] , that one could derive relativistic equations of motion from thermodynamics quantities. In particular, Einstein equation G µν + Λg µν = κT µν , where κ is a constant in terms of , is derived from the proportionality of entropy and horizon area together with the thermodynamic equilibrium or reversible relations dS = δQ/T . The key idea is to demand that this relation hold for all the local Rindler [31] causal horizons through each space-time point, with δQ and T interpreted as the energy flux and Unruh temperature respectively as seen by an accelerated observer [32] just inside the horizon. In standard thermodynamics, heat is defined as the energy that flows between degrees of freedom; degrees that are not macroscopically observable. In space-time dynamics, we shall define heat as the energy flowing across causal horizons. Such energy can be detected via the gravitational field it generates. Its form or nature will, however, be unobservable from outside the horizon. This indirectly links gravitation to thermodynamics. In fact, it was conjectured [33] that temperature has weight and effectively mass which could exert a gravitational effect. But we are interested in a multi-fluid system and therefore we need a way to model its thermodynamical properties.
Consider the three observers in the previous section at the point leading to a causal connection. For our study, we take the horizons to be the causal boundaries to be the Rindler horizons for individual observers which are subject to cosmic censorship. Let's assume that the individual species entropy is proportional to the corresponding horizon area. These causal horizons are embedded in an expanding volume constituting a system. Since like volume, the area scales with the system, it will be taken as an extensive parameter for the horizon. It is important to note that not all physical properties can be classified as either extensive or intensive and indeed dynamical behaviour such as species interactions may void such classification. These two categories are therefore not all-inclusive [35, 36] . The system we consider is, thermodynamically speaking, in quasi-equilibrium because the different horizons will invariably experience expansion, contraction or shear as the volume scales. The relevant question to ask is what approximations would enable one to define thermodynamics equilibrium conditions given the present scenario. To this end, we need to be clear about how space-time events are perceived given the different observer world-lines.
It is always possible to define a flat hyper-surface along each world-line, subject to the equivalence principle, such that the expansion and shear vanish in the neighbourhood of these events. Given that the observers' velocities are evolving toward a common velocity, by extension, it will be possible to define a common event (label it P) in whose neighbourhood a flat hyper-surface exists such that both expansion and shear locally vanish. This limit is reached precisely at t equil given in FIG.1.
We have in mind a mathematical expression of neighbourhood that takes the form, P : | P − P| < δ, where δ is some event-scale defining the extent of an open-disc ( the cross-section of an open-ball) centred at P (a past horizon referred to as local Rindler horizon). The temperature associated with the merged-observers just inside this common horizon is the Unruh temperature (see (FIG. 2) ). We need a thermodynamics theory for such an interaction and this we do in the next section.
Individual worldlines with growing horizons
Common worldline and apparent horizon FIG. 2. The schematic drawing of the trajectories of three individual world-lines that are, phenomenologically, causally connected. The drawing depicts trajectories and growing apparent horizons before and after the worldlines merge. We are interested in physics just before and during the merger. In particular, there may be residual effects from the pre-merger that show up after the merger and which cannot be accounted for by the single fluid (fundamental observer) approximation? This might be of interest to studies of late time acceleration of the universe.
III.1. Müller-Israel-Stewart (MIS) theory
We present, in this section, a stripped down version of the extended MIS theory. The original MIS theory is given in [16, 17, 37] while the complete version of the extended MIS theory for a multi-fluid system will appear in [26] . Drawing from kinetic theory and assuming that the temperature is expressible as a scalar quantity,T, it is shown that one can develop a covariant relativistic theory consistent with causality. This does not imply that a theory can not be developed where temperature is a scalar part of a locally defined geometrical tensorial object [39] . In particular, ifT ab is such a tensor object thenT ab =T S ab +T V ab +T T ab where the first term represents a pure tensor, the second a pure vector and the last a pure tensor such thatT
In this regard Stewart's theory is based on associating temperature with locally defined scalar ( i.e. T = T )
1 . Attempts to develop axiomatic theories in which temperature transforms as a vector have led to some problems which will be examined elsewhere [26] ,
In the extended MIS theory, the primary extensive parameters are taken to be the species number flux current N µ i , the stress momentum tensor T as the subscript A in N A used in [16] where it represents the components of the same fluid. In our case the subscripts denote different fluids ( as in a multifluid context). Looked at differently, [16] uses singlefluid approximation while we use multi-fluid approximation. We choose to present the general form where i = X, Y, Z rather than limiting the presentation to i = DE, DM, χ but the matching should be straight forward. It is important to note that the total stressenergy momentum is conserved but not the individual i.e.
µν is the momentum due to the interactions. This allows for the inclusion of the bulk viscosity and dissipative effects in a predictively more realistic scenario, even though phenomenological. The full formalism will be discussed in a separate article [26] . In our case the parameters are defined subject to the individual velocity vectors u
where n i is the species number and n µ i is the species diffusion current. Similarly
is the projection tensor unique to the individual observer.
is the heat flux vector. The use of different velocities have also been considered in singlefluid approximation, for example in the comparison of the energy and the particle frames in [16] , or the rest frame and the boosted frame in [40] . But we remind the reader that we, in contrast, are looking at multifluid approximation. Some of the dissipative effects we will encounter will indeed recover those seen in the single fluid cases. This raises the question of how one defines a common reference frame, without which the parameters are meaningless. The entropy density current for the multi-fluid with dissipative terms takes the form;
s (i) is the entropy density, s µ (i) is the entropy flux with respect to u
is the bulk viscosity. The complexity of the detailed interactions is immense but tractable as will be demonstrated in [26] . To illustrate this, consider the case of one species change in entropy ∆s µ (i) as described by an observer moving with the u µ (i) and where the components of velocity are treated as thermodynamics parameters alongside the temperature [41] . If the species were isolated, the change in internal energy would be from heat supplied and may be represented by
as seen by the observer moving with u µ (i) , in a quasiequilibrium, with the effect of volume change given by the last term and where G µ (i) is a momentum vector and p (i) is the pressure. This form is, collectively, similar to the second term in Eq. (9) . As explained in [29] , heat supplied in a co-moving frame may result in a momentum change and hence do work in another frame. This means that the effect of momentum must be separated in the decomposition of heat and work. In our context, the possibility of momentum change having an effect on a different frame suggests a possible coupling or interaction which should not be neglected in the multi-fluid approximation. In this regard, the total entropy vector takes the phenomenological expressions
where, as in the stress-energy-momentum tensor, the term with the bar denotes interaction effects. These may be set to vanish where no interactions take place. It is important to reflect on the dynamics and changes that take place with regard to our realm of approximation. We postulate that there is a gradual change that sees the terms with the bars moving from sub-dominant to the dominant role as the fluids flow. This has the consequence that single-fluid approximation becomes the more appropriate tool in the latter stage. This, as previously mentioned, is ascribed to the interactions. There is a comparable formalism in which the interactions are made more explicit. We present this in the next section.
III.2. Convective Variational Formalism or Carter's theory
This formalism was originally conceived in [14, 18, 47] , reformulated for multi-fluids in [10] and expanded to incorporate entrainment and thermal effects in [19, 43, 44, 46] and applied to cosmology in [45] . We first give the case of this formulation involving three fluids species. The fundamental variables are taken to be the number fluxes denoted by n (i) , s (i) ) where n (i) = n µ (i) n µ(i) and similarly, s (i) = s µ (i) s µ(i) for the non-entrained fluxes. It is clear that the entrained number flux between species of types X and Y is given by n XY = n µ X n µY compared to the non entrained flux scalar for species of type X which is given by n X = √ n µ X n µX [43, 46] . The master function is then taken as the density in the Lagrangian formulation of the matter action.
where i = X, Y, Z, XY assuming only fluids of types X and Y are entrained. The unconstrained variation takes the form
where [45] 
The conjugate momentum associated with these fluxes are
Since i = X, Y, Z, XY , the entrainment terms are embedded in Eqs. (16) and (17) . Unlike in [19, 43, 45] the entrainment presented here is not between particle number and entropy but rather between separate fluid species. It follows from the variation of Eq. (12) that the stress energy momentum tensor takes the form
such that Ψ denotes the generalised pressure. These equations are structurally similar to those of [43] but with the added requirement that the stress momentum tensor be given by a sum of individual species contribution. Embedded in this is the entrainment which is the case given by setting i = XY , so that T
The last term is the phenomenological equivalent ofT µν in the previous section. It is also instructive to note that Eq. (18) can be separated into number and entropy contributions. In general the equations of motion result from the conservation of the stress momentum tensor i.e. ∇ ν T µν = ∇ ν (T µν | n + T µν | s ) = 0, where we have separated the contribution by particular numbers and entropies with each term having entrainment included. The total particle number flux is conserved but not the individual, i.e. ∇ ν ( i n ν (i) ) = 0 = ∇ ν n ν (i) allowing for particle creation and annihilation. The entropy is not conserved on the other hand. But this presentation is generic, requiring a choice of a reference frame if we are to define parameters such as temperature and 4-velocities and the corresponding entropy densities. There are different ways to achieve this but because we have considered several species it makes sense to choose the centre of mass frame [13] rather than the matter (or Eckart) frame . In particular the conservation of number flux suggests the orthogonality condition n µ(i) (∇ ν T 
The attempt, in [15] , to match the variational formalism by Carter and the Israel-Stewart theory of dissipative fluids (i.e. first order version of the MIS theory) found that the two theories are not equivalent to all orders but are members of a set of related theories. It was found that the two theories lead to the same causal connections when subjected to perturbations about a thermodynamic equilibrium. It follows that in the thermal equilibrium limit, the two theories manifest similar characteristic surfaces and causality properties. Because of these similarities, we choose to analyse the second law of thermodynamics in the extended MIS theory for multi-fluids i.e. we examine ∇ µ S µ , where ∇ is defined with respect to the rest frame of an observer moving with the merged velocity u ν . It should be possible to carry out the same analysis in the variational approach. The variational formalism first developed in [14] is where a viscous fluid described by means of an entropy current, a particle current, and one viscosity tensor was analyzed. This has been extended in [10, 19, 43, 50] and results compared to those found in the MIS formalism [17] in the limit of linearized perturbation about thermal equilibrium [15] .
IV. GENERALIZED SECOND LAW OF THERMODYNAMICS FOR A MULTI-FLUID SYSTEM
In this section, we focus on a system of fluids made up of three species, DM , DE and χ. Instead of the generic subscript, i = X, Y, Z, we now restrict our notation to i = DE, DM, χ . It is known that perfect fluids in equilibrium state do not generate entropy or heating due to friction as their dynamics is devoid of dissipation and is reversible. However, perfect fluid models are inadequate for modelling most astrophysical and cosmological processes. Such processes are best modelled using more realistic fluids which exhibit irreversible properties. Indeed, some processes in astrophysics and cosmology can only be understood as dissipative processes thereby requiring a relativistic theory of dissipative fluids [20] . It has been shown that for single-fluid approximation, irreversible thermodynamics implies that the entropy is no longer conserved but grows in accordance with the second law of thermodynamics. We need to examine if the law holds in our multi-fluid approximation.
IV.1. Irreversible thermodynamics
We here consider the limit, in the evolution of the fluids, where the observer world-line are just about to merge. In this approximation, these observers share a common Rindler horizon. Using spherical symmetry, the metric (1) can be expressed as
wherer = a(t)r, x 0 = t, x 1 = r and the 2D metric γ ab =diag(−1, a 2 /(1 − kr 2 ). The dynamical apparent horizon is determined by the relation γ ab ∂ ar ∂ br = 0 implying the vector ∇r is null on the apparent horizon surface. The apparent horizon radius for the FLRW [42] is
This apparent horizon can also be construed as a causal horizon [48, 49, 51] . The apparent horizon has two regions; the trapped or the inside region and the antitrapped or the outside region. It follows that a change of this radius results in the change in the size of the two regions. In principle, this horizon evolves in time.
The inside-region remains inaccessible if this radius decreases over time, otherwise it comes into view if the radius grows. This is similar to what is thought to happen to the black hole where the trapped region may become non-trapped should the apparent horizon decrease as a result of Hawking radiation [49] . It follows from Eq. (2) as shown in section (A1) that this radius evolves in times as,
where individual species contribution to the time evolution is captured. It is also easy to show from, Eq. (5), thatṙ
where i = DE, DM, χ, note that we have not included i = DE−DM since the interaction term is encoded in the Q and Q in Eq. (5). At almost-equilibrium, it follows
where we define quasi-equilibrium by demanding the species temperature difference negligible. In this regards T (i) = T . Of course this assumption is not necessary and the analysis of the full system can still be performed. However, the full detailed analysis is involved and will not be pursued here as it would distract from the primary goal of this study. We would like to check how the total entropy evolves in time as mediated by the different species contributions in our quasi-equilibrium description. The individual entropy evolution, with respect to own world line, to takes the form
The total entropy is given by S = i S i and can be viewed as S = S (S DE (τ ), S DM (η), S χ (ζ)). We take the multi-fluid temperature, T , to be equal to the horizon temperature, T h , as mediated by the geometry of the universe. It is known that most theories of gravity have both surface and bulk terms. The surface terms are often ignored in most of these theories when determining the field equation, yet when these surface terms are evaluated on the horizon they yield horizon entropy. It is clear that there exists a holographic connection between the surface and the bulk terms [54] [55] [56] [57] [58] , and indirectly between horizon thermodynamics and space-time dynamics. To this end, we need time evolution of the volume,V , the internal energy, E, and the number density, N . The volume and its evolution is given by
These are necessary in order to connect the thermodynamical quantities such as the energies E and pressures P , with the cosmological quantities, the energy densities ρ and the pressures p. The internal energy for the three species are
where again i = DE, DM, χ. It is clear from Euler's relation that
If one ignores the transfer of energy due to the internal degrees of freedom but one, one could assume the barotropic equation of state consistent with adiabatic pressure. p i = ω i ρ i . We will return this this spacial case later. It is known that the temperature of a horizon is related to its radius [30, 42, [57] [58] [59] when black hole thermodynamics is extended to cosmology i.e.
The entropy of the horizon can be defined as S h = 4πr
A , where 8πG = 1. The total entropy is then given by
The time evolution of the total entropy takes the forṁ
where the overdot is the derivative with respect to the time parameter t and where
.
The horizon entropy evolves asṠ h = 16π 2r
AṙA and the total entropy therefore obeys the evolution equatioṅ
AṙA . (34) r A can be substituted using Eq.(24) to givė
It is clear that this finding holds regardless of the nature of gravitational interaction Q. This result modifies the finding in [27] where the new equation of state of one of the species ( e.g. DE) emerges for the criticalṠ T ot = 0, implying
and on expanding the left hand-side
More importantly, entrainment between DE and DM is straight forwardly incorporated by setting i = DE−DM . The effect of the entrainment on the critical equation of state can then be monitored via Eq.(37).
V. DISCUSSIONS AND CONCLUSIONS
Let's examine Eq. (34). We know thatr A , H, p i , ρ i are by definition positive. Eq. (23) guarantees thatṙ A > 0. The result of the summation will be positive since the horizon radius is greater than the Hubble parameter. This is confirmed by setting (ρ i + p i )(ṙ A −r A H) > 0 (38) which impliesṙ
as expected for the case where the surface term is neglected. Finally,Ṡ T ot > 0 is achieved if i µ iṄi < 0, which is exactly what is expected of Gibbs free energy for negative chemical potentials. If we label Gibbs free energy using the letter E G , thenĖ G < 0 impliesṠ G > 0. This establishes the generalised second law of thermodynamics for interacting dark-sector and radiation where the interaction goes beyond previous studies involving gravitational interactions. We note that the inclusion of the chemical interaction in a multi-fluid approximation conserves the second law of thermodynamics. Effects of non-zero chemical potential on the equation of state of the dark energy in single-fluid approximation were examined in [52] where it was found that the equation of state depended heavily on the magnitude and the sign of the chemical potential. Eq. (37) modifies those findings and has the potential to lift the ω cr into the non-phantom state. We hesitate to provide an estimate as this would require the accurate estimation ofr A and i µ iṄi in the quasi-equilibrium state. Using a multi-fluid approximation, we have investigated a cosmological scenario involving three particles species with two of these interacting both gravitationally and chemically. Each of the three world-lines have apparent horizons that evolve in time toward a shared common apparent horizon. On contact with neighbouring apparent horizons, causal connections form. It is known, in the case of black holes, that the horizon may evolve in two ways: either smoothly, in a space-like manner, or in a discontinuous-jump allowing new or emergent horizons to form around old horizons [53] . Nothing stops this from occurring for Rindler horizons. After examining how a common 4-velocity (single-fluid approximation) emerges from multi-velocities (multifluid approximation) and how this gives rise to a cosmological model, we investigated the generalized second law of thermodynamics in the context of this approximation. We then considered the universe as a thermodynamical system enclosed by the dynamical apparent horizon emerging from a set of Rindler horizons, and calculated separately the entropy variation for each fluid species. The sum of these entropy variations together with that of the common horizon gives the total entropy of the universe. We find that the generalised second law of thermodynamics holds. It is important to note that we used dynamical apparent horizons and did check cases involving other types of horizons. Although we have shown, in the present work, that the generalized second law of thermodynamics in the interaction scenario involving dark energy (DE) and dark matter(DM ) and radiation(χ) further investigation is still needed in order to make the findings applicable to quantitative or numerical cosmological analysis.
from which it follows thaṫ r A = −r 
